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ABSTRACT. The presence of waves in a rocket chamber depe44s -<
on the relative importance of energy supplied by interact~yn
with the combustion processes and energy lost through dissi- C '-

pative processes. As an aid to assessing the latter, the
cold-flow rocket appears to be a promising tool for both z

research and development. Combustion is absent and acoustic 0 -)

waves are excited mechanically in a chamber through which a
steady flow is maintained. The analysis presented here is

intended to serve as a basis for interpreting such measure- >

ments. Only the case of axial, or longitudinal waves is ' -

treated, and results show mainly how the losses at the exhausP r
end of the chamber may be inferred from measurements of the

transient response and the frequency response of a chamber.
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A Admittance at boundary, defined by Eq. 9

a Sonic velocity, also "effective" plane where man chamber
conditims are reached (Fig. 1)

b "Effective" plane of nozzle entrance (Fig. 1)

C Specific heat at constant pressure

D Dimensionless expression defined by Eq. 35
Aez Unit axial vector

f Dimensional frequency; also "non-homogeneous" part of pressure
boundary equation (Eq. 8)

h "Non-homogeneous" part of pressure wave equation (Eq. 7)

k Non-dimensional wave number for steady oscillations -"L
a N e n

kN Non-dimensional wave number for purely axial mode oscillations

kN Non-dimensional wave number for classical mode oscillations

L Chamber length

I Axial mode number (k/".r)

M Mach number

M M•gnitude of Mach number perturbation at head end of chamber

N Dimensionless expression defined by Eq. 34.

A Normal unit vector

p Pressure

Q Resonance quality factor

R Radius of chamber

iv
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r Dimensionless radius (r/L)

S Cross-sectional area of chamber

S Nozzle entrance area
p

s Dimensionless entropy (71 -p'F) .*

t Time; non-dimensional following Eq. 2 L(real time)/(L/a)l

u Velocity

X Square of the absolute value of complex non-dimensional nozzle
admittance (2 + e2)

x Dimensional axial distance from head end of chamber

Z Dimensionless head-end impedance (1/M 0
1 )

z Dimensionless length measured from head end of chamber (x/L)

a Attenuation constant, also dimensionless group in Eq. 43 and real

part of 4 (Eq. 45)

G Dimensionless group in Eq. 43, also imaginary part of 4 (Eq. 45)

y Ratio of specific heats

8 Shift from closed tube resonant frequency due to the presence of
a nozzle (0 -ZT-)

e Shift from resonant frequency at half-power point DO

SNon-dimensional space coordinate in a moving coordinate system
(z - Mt) "

SNon-dimensional pressure (p'/yP)

0 Imaginary part of non-dimensional nozzle admittance

A Imaginary part of k

X Wavelength

p Real part of non-dimensional nozzle admittance

p Density

T Non-dimensional time (used in variable transformation)

v
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Phas ang between velocity aMd pressure pertubatiso., alAo
tan' h(-Ak), see Eq. 29

Classical closed chamber pressure mode for purely axial oscillations

Classical closed chambe: pressure mode

OReal part of k

6 Non-dimensional frequency defined as 0/(3. X- )

w Dimensional angular frequency

SUBSCRIPTS

c Chamber property

I Pure axial mode

max Maximnn value

N Classical closed chamber mode

n Nozzle condition

o Head-end condition

p Peak value

r Real part of complex quantity

+ Wave traveling in positive direction

- Wave traveling in negative direction

SHalf-power point

SUPERSCRIPTS

Wi Imaginary part of complex expression

(r) Real part of complex expression

Perturbation quantity

- Mean value

- Vector quantity

vi
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I . INTRODUCTION

An understanding of the behavior of waves in a rocket chamber rests
essentially on knowledge of the various sources and sinks of energy.
The primary source of energy is of course the propellant itself and the
driving mechanism is associated with a coupling between the wave motions
and the combustion process. It appears possible to isolate this aspect
of the problem, so far as solid propellant rockets are concerned, not
only analytically, but also experimentally (Ref. I and 2). With suf-
ficient development, the T-burner and L*-burner may provide adequate
means for studying the coupling (interpreted often as an "admittance
function") without firing a complete rocket.

But the source of energy is only half of the problem. It is always
present, and in order that a rocket burn stably, there must exist ways
for wave energy to be dissipated at a rate greater than that at which the
combustion process provides energy. In some respects, it is theoretically
more difficult to assess the losses than the gains. Indeed, it is possi-
ble to compute much of the energy losses only for relatively simple geome-
tries, and even in those cases, approximations are necessary. Hence one
would like also to be able to measure the losses separately.

Since the losses associated with a chamber are strongly influenced
by the geometry, which in turn affects the mean flow, it is in fact
necessary to work with a chamber, perhaps scaled down. The problem is
simplified by using an external source of cold gas, rather than burning,
for the flow in the rocket. Acoustic oscillations may be excited, also
by external means, and the attenuation of the waves inferred in a manner
described below. Perhaps the simplest example of this kind of device is
illustrated in Fig. 1 (see Ref. 3 and 4 ). The chamber is fitted with'a
nozzle which normally is choked. Air flows through the porous plate at
the head end, and oscillations are excited by a rotary valve upstream of
the porous plate. An alternative way is to drive the oscillations with
a small speaker.

This configuration evidently simulates an end-burning rocket, which
seems quite restrictive. However, the measurements will provide infor-
mation principally about the damping of waves due to the action of the
exhaust end of the chamber, i.e., the effect of the nozzle and also non-
uniformities in the flow just upstream of the nozzle entrance. It is not
possible to separate these in the experiments. Clearly the results are
applicable to other kinds of rockets having similar exhaust configura-
tions. The more serious limitation is that in the measurements reported

Ol o1
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in Ref. 3 and 4, only axial modes have been treated. In this report as
well, only axial modes will be discussed, but much of the treatment can
be extended to radial and tangential modes.

Porous plate "Large" MachPorousplateNumber In this

Prechambe region

I

a. b

Transducer

FIG. 1. Sketch of a Cold-Flow Rocket.

The following remarks are concerned with an analysis of the axial
modes, with a purely axial mean flow. It is not the intent here to com-
pute the actual damping to be expected, for in fact this can be done only
for simple cases. Rather, it is more important to determine how the
formal analysis can be used as an aid to interpreting the experimental
data, thereby yielding useful numerical results which cannot be obtained
by calculation alone.

First, a relatively general treatment of the problem will be covered,
based on earlier work (Ref. 5); this leads to formulas for the frequency
and attenuation coefficient for freely decaying waves. Then traveling
and standing waves in a uniform mean flow will be treated. The analysis
is specifically for the case when waves are driven at one end of the
chamber. Formulas for the frequency response and the standing wave ratio
are found. Perhaps the most important result is the relation between the
attenuation coefficient and the properties of the frequency response.
The conditions under which the familiar definition of "Q" is valid are
found.

The three calculations mentioned in the previous paragraph correspond
to the three kinds of measurements most easily made: direct measurement
of the attenuation of waves, the frequency response, and amplitude of

2
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of pressure as a function of position in the chamber (i.e., standing wave
ratio). Thus the results are immediately applicable to experimental work.

II. GOVERNING EQUATIONS FOR ACOUSTIC OSCILLATIONS
IN COLD-FLOW ROCKETS

A rather general analysis of acoustic oscillations in rocket chambers
exists (Ref. 5) and it will be specialized in this section to the uimpler
case of a cold-flow rocket with axial mean flow. Only axial modes are
discussed, but it is necessary, for a reason apparent shortly, to retain
the equations in three-dimensional form. Extension to other modes may
be carried out by following the analysis of Ref. 5. It is convenient
for the analysis of the acoustics of rocket chambers to use an equation
for the pressure rather than temperature, so that the three equations
for inviscid flow of a perfect gas are

+ V (Pu) = 0

+u • Vu + = 0

S+ ypv* u + ii Vp =0

The last may be found by combining the usual energy equation with the
continuity equation. In the usual way, all quantities are written as
sums of mean values, independent of time but in general functions of
position, and fluctuations which vary with both time and position in the
chamber. The complete perturbation equations may be put in the form

- ' *~2 S 0

-+ • +u' •V + V(a ) +)-- (-)cp P

+-4,u+YP7 u - p+u V (2)

where a is the mean speed of sound, 'i=p'/'Yj, and s' = p/ is the
fluctuation of entropy. For applications to the low Mach number flow In
a cold rocket, it is not necessary to include variations in the mean
pressure and temperature. The equations have the simpler form

W = W ,"1-W. ,.
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All variables are now dimensionless) t is the reel time divided by L/a,
L being the length of the chnbei, A - Va, R'o and all lengths

are normalized with respect to L. Hereafter, V • = 0 will be assumnd.
This is a consequence of the low speeds involved, but it cannot be
assud if there is combustion in the chamer.

III. APPROXIMM SCAUTICK FOR ME FEAQECI AND
ATT.IUATICII OF STAUMNO WAVES

The results obtained in this section will apply to waves which are
not driven by external means. A wave equation for I is found in the
usual way by taking the time derlmative of Eq. 4 and substitutt•g Eq. 3

for 6M'/a

The boundary conditions on 71 are bet in accord with Eq.

For ease in writing, the last two equations will be written, in the case
of steady waves, as

V21~ + 1c2T1 h(5

n VT -f (on z o0, z= 1)

where

h.ikA +( • I' +ii, V )' . (8) K

+..-. M.........- ...-...-..... ........
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The unknown boundary values of the Mach number (or velocity) fluctuations
have been replaced in Eq. 8 by admittance functions A defined so that the
normal components of the fluctuations are proportional to the pressure
fluctuations,

In general, A is a complex function A - A(r) + iA(i) - iAlei•, so that L

the real part gives that part of the normal velocity fluctuation ur which

is in phase with the pressure: r = (Ar p'. But the rate at which

work is done on or by the waves at the end surfaces is ur 'p A .r p )( •

Consequently, it is the real part of the admittance function which will
be related to the damping of the waves.

For the cases treated here (and usually in rocket chambers), the
boundaries and the mean flow cause only small perturbations from the
classical closed chamber modes *N which satisfy the equations

+ 2Ny 0 (1O)

TN 0 {r R/L (.)

where R is the radius of the cylindrical chamber. For these modes in a

closed chamber, the normal gradient of pressure vanishes at the ends,

since Vp = jVT = yjVYN here. But by Eq. 3 with M : 0 and M" varying
harmonically

a a
(o"Mlt iki4'), M' -•i•Aik, or u = - = -

Hence since n VTN vanishes on the boundary, so does the normal component
of the velocity fluctuation. In the case of purely axial oscillations,
YN=cos (kAX) with kA = fI, A = 1, 2, - •. The idea of the following
computation is that even with a nozzle or a porous head end, the mode
shapes are not much changed from these classical vibrations; this is true

if the mean flow Mach number is small and if the admittance functions are

small. It is not generally true if the . oscillations are driven at the

head end, for the velocity fluctuation at that end may be given any value

and, correspondingly, the frequency may be changed at will.

The computation here is directed to determining the corrections to

k= ATT due to the mean flow and damping within the chamber or at the

boundaries. It is a simple matter to compute the first-order approximation

5
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to k (the man-flow Mach number i. the s=31 parmeter). Multiply Eq. 5
by TNo, Eq. 10 by Ie and subtract the equations; then integrate over the
volumn of the chamber*.

fff (7' - Tie ) (k k if NNr/ fff V. __"

The volume integral on the left-hand side my be transformd by use of
Green's theorem, and Eq. 6 and 11 used for the surface conditions. One
finds

k2 k.(jfff Yov + ff fToo) (12)

There are really two surface integrals involving f--one over the plane
z = 0 and one over z = e.

To obi.ain a first-order approximation for the right-hand side, the
zeroth order approximation for ow, 11 M is used. In the case of purely
axial oscillations, ! = COS (kNz) with ke - ffT, an' if one assumes

•M to be axial only, R = 9z, then h and f are approximately (i.e., to
order •)

dY~ 2/ dY

hlki -- - (13) " .
iRdz kL d 2  dz 13

I d/zYA

f ikAY + -1 IM-r4'y (14)At k dz dz/

where the zeroth order approximation, derived from Eq. 3, has been used
used for M': M' ' (i/kA)(dTg/dz). (Note that the exponential time factor
exp (ift) = exp [i(wL/a) • (at/L)) is exp (ikk) in dimensionless form,
and to zeroth order k = kg = Or.) The volume integral in Eq. 12 may now
be simplified by carrying out the integral over z with some use of the ..

fact that d2 YAfdz = -kteYI. One finds

The surface integral, over z - 0 and z = 1, gives

6 tk

S..... . . .. . *w w *w .w -w .



if y rs = (if A gfds + (IT Y'grds).

-iik [(JAY2(IS)z. + f (fAy2ds) Z.0] - k Ryc [(T~r2 dST

After these results have been used in Eq. 12 the real and imaginary parts
of k 0 + JA are, to first order in ja,*

2 - 2k,~f 4  2 E+j1

= r) . 2 , +J (r) 2 dS

in which Sc is the cross-sectional area of the chamber and A A + iA
in complex form. The admittance function for the nozzle end is An and at
the head end it is Ao.

It is now apparent why the calculations were not immediately reduced
to one-dimensional form. If that step had been taken, then the important
(and obvious) result that the surface integrals must be weighted by the
appropriate areas would not have appeared. Thus, for exampl9,.if the
nozzle entrance area is Sp, the damping term in Eq. 16 is An.rJf/Sc,
since 14 (=i at z = 1.

The formulas 15 and 16 are valid for the axial modes with one-
dimensional mean flow, subject to the restriction that the Mach number of
the mean flow must be small. Hence, care must be taken when these are
used for a rocket with an abrupt change of cross section, from the port
area to a sonic nozzle as sketched in Fig. 1. There are evidently regions
of rapid variations in mean-flow properties near the porous head plate and
near the nozzle. Average streamlines have been sketched. The expressions
15 and 16 are valid only in the region between the planes at a and b,
between which the Mach number is approximately constant, equal to Mc when
there is no burning.

It appears that the region near the' porous plate may be so thin that
as an approximation, position a is in fact at the origin, and the

* Note that V dz = I for A G 0.

0

7
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admittance function is then non-zero over the porous area (SV) at most
(the velocity fluctuation is elsewhere zero on z - 0). But yet the
influence of the mean flow may be represented by the average chamber Mach
number acting over the entire chamber area. Note that the volume integral
of h and the part of f depending on Mach number cancel, which happens only
if ] is constant. This is merely a statement of the fact that if the flow
is uniform, the rate of convection of wave energy into the region bounded
by two planes normal to the flow is obviously equal to the rate of con-
vection out. Then, if the admittance functions are constant over the
corresponding areas, Eq. 15 and 16 become

- k/ -[ ( + A)(17)

A A ( + A (r) (18)
0 S n

c

To first order, then

kxikr [1 + i (I A0 +A)

The effects at the exhaust end, including rapid acceleration to the
sonic throat and eddies of some sort which must exist in the corners of
the chamber, have been included in An. It is obviously not reasonable to
calculate this quantity which is more than just the nozzle admi*Lance
function. But, on the other hand, if one tries to extend- the region in
which the standing waves exist (i.e., b - 1), then ýhe equations for the
waves must be seriously coqplicated, both because JIa is not small and
because M is no longer in the axial direction. The analysis by Cantrell,
McClure, and Hart (Ref. 6) is of course subject to the sae restrictions.
If the nozzle convergent fairs more or less smoothly to the chamber, then
An is indeed almost entirely the nozzle admittance function, which can be
calculated independently. -

It is these difficulties which lead one to use the analysis as a
guide to interpretation of experimental results,, rather than as a means
of thorough computation. According to Eq. 16 and 17, the anplitude of a
wave varies with time as

ikt= xp[-(A(r) >)+ A'r)t] exp{ikjl L(Ab(i) S

In terms of dimensional quantities, the attenuation constant a is
therefore

8
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a (Ail (r) + A(r) s(ee9)

and the angular fequency of fteely decaying waves is

= -o 2 IA(i) + , -c (20)

___T (A() + ) ]e

Equations 19 and 20 are applicable to, for example, experiments involving
the explosion of a small charge and measurement of the decay rate and
frequency of subsequent waves. They are valid, in fact, for a port of any
shape so long as it is straight. If the Mach number is not uniform, some
of the integrals in Eq. 15 and 16 contribute additional terms. - -

IV. WAVES WITH UNIFORM MEAN FLOW

For studying the frequency response when waves are driven, it is best
to incorporate at the very beginning the fact that the mean flow is uni-
form (although as in the previous section, the cross section of the
chamber need not be circular). The governing first-order equations for
M the axial Mach number fluctuation, and T, are

M c T--+ =o (21)

+ MK + z= o (22)

in which M is the Mach number of flow in the chamber. The case of
transiert aecay of waves, i.e., the transient response of the chamber,
has already been treated, with the results given in Eq. 19 and 20. In
this section, the analysis of the frequency response is begun.

By analogy wit.h the familiar ideas of "lumped" electrical circuits
and mechanical systems, one expects the width of the peak in the fre-
quency response to be proportional to the attenuation constant, Eq. 19,
associated with the transient response. Some experiments (Ref. 3 for
example) have in fact shown quite good agreement, but it is not obvious
why this should be so. Indeed, the calculations here indicate that the

,- " , .. . - -W W - -
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agreement may iqply that the admittance function for the porous plate
(and hence the associated attenuation) is negligible caoared to the
effects of the exhaust end of the cheamber. This vas intended to be the
case in the experiments (Hof. i).

When standing waves are sustained by external means, the analysis is
often instructively cast in terms of traveling waves (as, for exauple, In
the problem of a transmission line vh•ch the present problem closely
resembles). If one performs the coordinate transforztion

r:t

then Eq. 21 and 22 become

+ =0

which imply the wave equations

S~(23)

Obviously then, one has two solutions, corresponding to waves traveling
to the left and to the right. Alternatively, the wave equations in t,
z coordinates are •2

- Mc2) 4 2Md, ~ -= (24)

In any case, the complete solutions can be written

ee -' -- z + (2- e -5)

M' -i n ei eeMe (26)=e +e _+Mc z + . 1..%
Lc cI

Note that the frequencies of the two waves are not the same:
n+ - n/(l +M) for the wave to the right, and . - n/(l - Mc) for the

10
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wave to the left. This is the "Doppler effect" often mentioned in the
literature of acoustics applied to rockets, but not usually shown. A
wave of frequency 1) in the laboratory and traveling in the direction of
the moving stream has a lower frequency with respect to the stream.
Substitution of these expressions into one of the first-order Eq. 21 or
22 shows that

M+ +

M = -'T (27)

Now in the case of the cold-flow rocket experiments, the waves are
driven at the head end. A solution corresponding to the standing wave
existing at any frequency is obtained by superposing the correct amount
of + and - waves to satisfy the boundary condition at the exhaust end,
assumed here to be at a plane as suggested by Fig. I and associated
remarks. One can imagine that a wave traveling to the right is partly
reflected and partly transmitted; the amplitude and phase of the reflected
wave is so determined as to have a standing wave observed in the labora-
tory. The ratio of amplitudes of the impinging and reflected waves is
usually called the "standing wave ratio." In accord with previous
remarks, let all effects at the exhaust end be represented by the
admittance function A, so that at z = 1

M'I= A (28)

The plane z = I is actually slightly displaced from the end plate--it is
labeled b in Fig. 1. Note again that An includes more than simply the
nozzle admittance function. Hence Eq. 25-27 imply

=A

io-n
e- +T e

where 0 = n/(l - Mc2 ) and use has been made of the fact that

0 +-OP - ,- - +-C
lM c c 1 l+ Mc c

Hence the complex amplitude of the wave traveling to the left is
1 A n _21n::

en
- +.A n

W11
w-11 • w -'' 1 w I w, w• " .w• w w w, -I, • -



and the solutions for X em

" a "lot +-k " "(" . 1) -- A.

which can also be written as

H'2%L if~t + flIhzL[oj)jcl
M' .,,2++1e•÷ (e " coJn 11S (z - 1) -u, sin h(z 1 )

n

Now defne, 2 by t 4 - -and 1

' (A + 1)( zco)soh ec 5(z1) + 41 (29)

211 "m + dA1
M - (A +)oh inhi(z-1) + (3)

These results will be used to describe interpretation of measurements of
the steady-state frequency response and of the amplitude of oscillations
along the chamber axis.

V. FR JCY RqMN P( I .a--

The measurements have been made of pressure at the head end. It my
be supposed that the oscillations are driven .y fluctuions in velocity,
or Mach niuber, at the head end. Thus, let X N o• e'-t at z 0, and
Eq. 29 gives

211+ -14' e

cosh (An + 1) s~h41~

12
"1'i
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Then the measured frequency response is represented by

io . -e hI• Z- ) (31)
MOsinh(-6

In particular, at z = 0,

(~1\ = -cosh (-ik)l
07)sinh +ih)

which can be expanded to

1 + iA tan £

o =0 A + i tan 0 (32)

It is particularly important to note that since the waves are driven
by perturbations at the porous plate, the influence of that region (con-
tained in A0 defined earlier) cannot appear: they are combined with the
external driving mechanism to provide, for a given frequency and magni-
tude of pressure fluctuation, just the value of M. required to maintain
a steady oscillation. Hence measurements made with a transducer in the
porous plate can yield no information about the admittance function to
be associated with the porous plate when waves are decaying freely within
the chamber. Let An =±+ ie:

(1 tan 0) + i ptan 0)
=O (1 + 1 + i +tan 0)

and

IZ' I+ = .7r 1" 9 tan 0)2 + (P• tan 0)21 (3-3)'•

z-• +__e )2tan 0) CID1 -

where

N = X tan2 0- 20 tan 0 + 1 (34) b'

D = tan2 0 + 20 tan 0 + X (35)

x = A2 + 2 (36)

13
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The function IZ()I/{JZ(Q){nA Is platted In I•F. 2-6 for several
representative values of p and e. Peaks occur at frequencies a-- O
which, when both p and e are small, are close to the frequencies o0 the
natural model for a closed chamber(p * bt) and close to the frequencies
of transient oscillations (Eq. 20) but not necessarily equal to either.
The peaks are determined from the condition

d{Z(O) •clcltos = 0 inrduiT 3)!"

To simplify calculations, and also to avoid introducing further unknown t-&,
quantities, suppose that both 6 and g are slowly varying functions of Q
near the peak, then both d8/dQ and dp/dO will be set equal to zero. One
finds then that Op is the solution to

tan2 0 + IX- I tan - 1 -0 (38)

Thus

tan C = =2 .- V+ (39)

The sign on the radical cannot be fixed uniquely. In the limit of
small 0 and p the negative sign is the correct choice, for then Eq. 39
gives

tan 0 X -0p i-X

and hence

f OW -TT - (40)
p

which is exactly the correction, due to the nozzle, shown in Eq. 20 for
the frequency of the transient response. On the other hand, peaks do
exist for On far removed from Or; a particularly interesting limit is
found by taking the positive sign in Eq. 39, with e small, for which
Eq. 39 becomes

1 -X 1 2
tan o • (41) 7

Let 1 -
2 be non-zero, and for 6 - 0 the peak frequencies fall in the

neighborhood of multiples of ?T/2, as shown later by the numerical
results.

14
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Of greater practical interest is the width of the peak, for one
expects by saalogy with electrical circuits and simple mechanical systems,
that this should be related to the damping of the system. Experiments
(Ref. 3 and 4) have shown that the peak is often narrow; the width at the
"half-power points," i.e., the frequencies at which 11//Mo'l is down by
1//2 will be denoted by 2e. For 6 and 4 small, the frequencies at the
half-power points are therefore approximately IT + 5 + e. For this
limiting ease, the peak value of IZi is

2) 2 + 2(
+ +

and the value at the half-power points is

9- •8( - )2 + 2( )2

2~ (8+69)2

The condition for finding e is therefore

[- e( ) e)]2 + 2(E- e)2 1 + 022+ 282
2 2 2 2

and one finds

Hence, under these conditions, the width of the peak (2c - 24) is
twice the attenuation constant for the transient oscillations (Eq. 19)
providing the porguq plate does not cause much damping of the transient
motions (i.e., Aor)= 0). It follows that in this case, the damping at
the exhaust end may indeed be found from Q = Rp/2e; this is valid, then,
when the response has a narrow peak, associated with relatively light
damping. The attenuation constant is

e= .. = a- = a (26) (42)
2Q L 2Q L

It appears therefore that if agreement is found between the value given
by Eq. 41 (i.e., by measurement of the frequency response) and the value
given by Eq. 18 (i.e., by measurement of the transient response) then the
real part of Ao must be negligibly small. That is, assuming always a
lightly damped system, so that the approximations leading to Eq. 40 and
41 are valid, one would conclude that the porous plate contributes
insignificant damping.

20
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Not all experiments yield narrow peaks in the frequency response and
in those cases the approximate calculation used above is not valid. One
cannot compute the transient attenuation constant from the simple for-
mula 42 involving Q. It is necessary to use some sort of graphical pro-
cedure such as the following. The values of IzJI at the half-power points
are still given by

4~IZI* IL,= x

where Np, Dp are the values of N, D for O=(0 . This equation, with N and
D given by Eq. 34 and 35, leads to a quadratib equation for tan ,the"
tangent of the normalized frequency at the half-power pointsa It

2 8 t(D + N /2) 'D - XND2
tan +an -2 l p + l- Np/J = 0 (43)

From Eq. 43 one can find tan 0 and hence 0 at the upper and lower half-
power points as functions of p and e. The results are conveniently
displayed in the forms shown in Fig. 7-10.

Those graphs can be used to determine both the real and imaginary
parts of the admittance function at the exhaust end by measurement of the
frequency of the peak and the width of the response function. The same
information has been cross-plotted in several ways; it is not clear at
this time just which form may be most convenient for use in the
interpretation of data.

Note that in Fig. 2-6, the impedance has been normalized with respect
to its value at zero frequency. Those charts also show a feature remarked
upon earlier in connection with Eq. 39, that the frequencies of the peaks
need not be close to the values for a closed chamber in the absence of
flow. However, it appears that in practice, both p and 9 are small so
that in fact Op lies near in, as shown by Eq. 40.

In Fig. 7, there are several limiting values which should be men-
tioned. The case e = 0 yields a resonant frequency of ITT if p < I and
In/2 if p > 1. This behavior may also be seen in Fig. 2, and follows
from Eq. 40 and 41, which show that the switch between values occurs at

1= 1. The limiting case B - can also be extracted from Eq. 41.

A quantity called "maximum half-power bandwidth," equal to 17 appears
in Fig. 8-10. This is also a limiting case, which arises because the
impedance Z is precisely periodic in f) with period 77. That the period
is FT can be shown easily by substituting 0 + T7 for 0 in Eq. 33. This is
exactly true only if g and B are both taken to be independent of frequency,

21
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an assw~tion used In all the gaphical results. However, this means
that the distance between peaks Is 71 alvays, and therefore the maximum
bandwidth is also It, being ff/2 on each side of a given peak.

VI. ALITNl? or OSCULLATI ALONG THE CRAM;
STAN WAVE RATIO

If provision is made for masuring pressure fluctuations as a function
of position along the axis, the real and Imginary parts of An may be
determined much more readily. Equation 31 gives

A+'+ =e*sI cs Cia(z - 1) + 4)1

- iosh [4 + i8(z - 1)31

= 4oshea - sin2 C• - _ -1) (44)

where

Thi + eqaion canh1A beh-(- - (5
This last equation can be split into real and imaginary parts:

ln (l(4~6)

tan a2 (47)

Equation 44 shows that I has a maximum value (for a given frequency and
r+, or Mo') when P - 8(z - 1) = 0, , 27T, . . ., that is, when

8 -( z) =nT-

0 ( 2 a
or, in terms of the real frequency f = (l - Mc) cps, and real
distance x - zL,

2 (L-x)=nr-
a (I )

26 L-.
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Thus, the first maximum occurs at a distance

(L. - x)= (-f)(1 - Mc 2) (148)

from the exhaust if 1 < 0, and at a distance

(L - x) - (IT- )(I - N 2 ) (49)

if 0 < 0 < - (.= a/f).

Moreover, has a minimum value when

2'f (L - x) = (n + r) -- • (50)a(1 - M 2):-"i

i.e., at a distance

(L x) (51)

from the exhaust end, if 0 < 1/2, or

(L x) p )(1 M 2 )X (52)

if 1 < 317/2. The ratio of the maximum to minimum values of 1 is

'11 max cosh aS= ' -1'= tanh a (53)

Evidently, then, measurement of the position of a maximum or minimum'
of Ill and the ratio l lmax/illmin is sufficient to determine a and 0
from Eq. 48 and 49, or 51 and 52. Finally, #± and 0 can be computed from
Eq. 46 and 47. An alternative approach is to use a graphical represen-
tation such as the Smith chart commonly employed in calculations for
transmission lines. (See also Chapter VI of Ref. 7.) If these results
are combined with measurement of the attenuation constant of freely
decaying waves, then the real parts of the admittance functions for both
ends of the chamber will be known.

27
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VII. COCLUDING RF(ARK

It must be emphasized that the calculations covered in this report
are intended to be coupled closely with experimental work in an effort
to determine the acoustic losses associated with a rocket chamber.
Although some contributions to the dissipation of energy can be computed
quite accurately, such as that due to viscous shear at the walls, others
which have been noted earlier, are simply beyond analysis. Moreover, the
techniques discussed here can probably be extended to awkward geometries.

The principal results of the present analysis are the following:

1. The computations in section III give simple formulas for the
frequency and attenuation constant for each natural mode (Eq. 17 and 18)
when the influences of the ends can be lumped into simple admittance
functions. This implies that the regions of transition between the uni-
form flow in the chamber and the end surfaces must be short compared to
the chamber length; or, better, that An and Ao must be small.

2. The frequencies of the natural modes are not in general equal to
the frequencies at which the steady-state frequgnqy response has peaks.
The former occurs at normalized values Arr - (Aokrj + [) according to
Eq. 17. The latter occur when Eq. 33 has maxism. For a given mode, the
two values are approximately equal when An is small and Ao is negligible.

3. The width of the peak in the frequency response is simply related
to the transient attenuation constant only when An is small and Ao is
negligible. If An is not small (i.e., the peak is broad, low Q), then
the width of the peak is related to both the real and imaginary parts of
An, but interpretation is best done graphically by making use of Fig. 2-10.

4. Measurement of the positions of maxima and minima, and the ratio
of maximum to minimum ("standing wave ratio") will give the real and
imaginary parts of An directly. If the measurements can be made without
great difficulty, then this seems to be a better means of determining the
losses associated with the exhaust end of the chamber.

5. The experimental results so far reported indicate that the losses,
and the shift of frequency, due to the exhaust flow are very much larger
than those due to the porous plate. That is, under most conditions, the -.

porous plate seems to offer "infinite impedance." However, the validity
of these results is questionable at the present time owing to some
internal inconsistencies; thus the data have not been examined here.

Determination of the acoustic losses in a rocket by making measure-
ments in a laboratory scale model, without burning, appears at the present
time to be a very promising aid to design. However, the experimental work
has not yet been sufficiently developed to make extensive use of the
calculations discussed here.
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